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Abstract
General relativity can be unambiguously formulated with Lorentz, de Sitter and
anti-de Sitter tangent groups, which determine the fermionic representations.
We show that besides of the Lorentz group only anti-de Sitter tangent group is
consistent with all physical requirements.
The existence of fermions forces us to consider the tangent group SO(3, 1),
or equivalently the SL (2,C) group, in General Relativity. Promoting the global
Lorentz invariance of the Dirac action to a local one is achieved by introducing
the spin-connection as the gauge field of the tangent group. The vierbein, which
is the square root of the metric, is the soldering form connecting coordinate basis
vectors to orthogonal tangent vectors. Metricity condition is expressed as the
vanishing of the covariant derivative on the vierbein with respect to both the
spin-connection and the symmetric affine connection. For the Lorentz tangent
group the resulting system of equations is enough to determine both the spin-
connection and the symmetric affine connection in terms of the vierbein and its
first derivatives unambiguously. It was established long ago that in this case the
scalar curvature constructed of the metric manifold is equivalent to the scalar
curvature constructed in terms of the spin-connection. Hence, in the presence of
spinors one can formulate gravitational interactions in terms of the vierbein and
(dependent) spin-connections and we are assured that the corresponding cur-
vature scalar is equivalent to the metric dependent scalar curvature [1], [2], [3].
It came as a surprise that the metricity conditions can also be unambiguously
solved for the de Sitter and anti-de Sitter tangent groups and the curvature
invariants with respect to the tangent group gauge fields are identical to the
metric curvature in these cases [4]. To find the coupling to the spinors for these
tangent groups one must first determine the irreducible spinor representations
of the groups SO(4, 1) or SO(3, 2) and check when it is possible to construct a
realistic model for the quarks and leptons.
Let us define the inverse soldering forms eµA where µ = 0, 1, 2, 3 is a space-
time index and A = a, 4 with a = 0, 1, 2, 3 is a tangent space index. The
inverse metric gµν is then given by gµν = eµAη
ABeνB with η
AB =
(
ηab, η44 = ǫ
)
,
where ηab = diag (1,−1,−1,−1) is the Minkowski metric, and ǫ = −1 for the
de Sitter tangent group SO(4, 1) and ǫ = +1 for anti-de Sitter group SO(3, 2).
The metricity condition is then
∇µe
ν
A ≡ ∂µe
ν
A + ω
B
µA e
ν
B + Γ
ν
µρe
ρ
A = 0, (1)
where ω BµA is the gauge connection of the groups SO(4, 1) or SO(3, 2) and
Γνµρ is the symmetric affine connection of the diffeomorphism group satisfying
Γνµρ = Γ
ν
ρµ. The eighty conditions (1) can be solved to determine the eighty
fields ω BµA and Γ
ν
µρ in terms of e
ν
A and the first derivatives ∂µe
ν
A. In particular
the affine connection is given by the familiar Christoffel symbols
Γνµρ =
1
2
gνσ (∂µgσρ + ∂ρgµσ − ∂σgµρ) , (2)
where gµν is the inverse of g
µν . The curvature of the spin-connection ω BµA is
given by
R ABµν (ω) = ∂µω
AB
ν − ∂νω
AB
µ + ω
AC
µ ω
B
νC − ω
AC
ν ω
B
µC , (3)
1
and is related to the curvature of the affine connection by the relations
R (ω) = eµAR
AB
µν (ω) e
ν
B = −R
ν
σµν (Γ) e
σAe
µ
A
= Rνσνµ (Γ) g
σµ = R (Γ) , (4)
where
Rρσµν (Γ) = ∂µΓ
ρ
νσ − ∂νΓ
ρ
µσ + Γ
ρ
µκΓ
κ
νσ − Γ
ρ
νκΓ
κ
µσ.
Thus, although the scalar curvature of the spin-connection is a function of eµA, it
is expressible as function of the metric gµν only because of the invariance under
the local SO(4, 1) or SO(3, 2) gauge transformations. Thus, in the absence of
matter couplings the gravity formulations in terms of the metric tensor, the
vierbein eµa for the Lorentz tangent group SO(3, 1), the vielbein e
µ
A for the
tangent groups SO(4, 1) or SO(3, 2) are all equivalent. To find the physical
consequences of the choice of tangent group let us consider matter couplings.
It is well known that the bosonic fields do not “feel” the tangent group. The
relevant fundamental couplings in this case are those of scalars and vectors. In
the case of the Lorentz tangent group SO(3, 1) there is one to one correspon-
dence between vectors with respect to the diffeomorphism transformations and
to the local tangent group gauge transformations. For the other tangent groups
SO(4, 1) and SO(3, 2) a five dimensional vector VA with respect to the tangent
group projects into a diffeomorphism vector Aµ and a scalar φ
VA = e
µ
AAµ + nAφ, (5)
where nA is a unit vector orthogonal to e
µ
A
nAe
µ
A = 0, nAn
A = ε, (6)
with ε = 1 for SO(3, 2) and ε = −1 for SO(4, 1) [4]. Therefore, there is no
obvious advantages in formulating the vector interactions for the tangent group
vectors because this is a reducible representation and the resulting action does
not have any extra symmetries. Moreover, only the tangent group SO(4, 1) gives
the correct sign for the kinetic energy of the extra scalar field which inevitably
emerges in this case. Hence it seems that the only relevant symmetry for the
bosonic fields is the diffeomorphism symmetry.
The situation is different for the fermions as those ones are defined as rep-
resentations of the tangent group. For the SO(3, 1) tangent group the spinors
transform under local gauge transformations as
δψα =
1
4
Λab
(
γab
)β
α
ψβ , a = 0, 1, 2, 3, (7)
where Λab = −Λba are the gauge parameters and γ
ab = 1
2
(
γaγb − γbγa
)
. We
adopted here the notation where the Dirac matrices satisfy
{
γa, γb
}
= 2ηab with
ηab = diag (1,−1,−1,−1) . (8)
2
The transformations preserve either Weyl or Majorana condition on the spinors
but not both ones. If the Weyl condition γ5ψ = ψ is imposed, where γ5 =
iγ0γ1γ2γ3 satisfies (γ5)
2 = 1, then
δ (γ5ψ)α =
1
4
Λab
(
γab
)β
α
(γ5ψ)β . (9)
Alternatively, imposing the Majorana condition ψα = Cαβ
(
ψ
β
)T
where C is
the charge conjugation matrix, is preserved by the gauge transformations be-
cause it is possible to find Dirac matrices, satisfying the symmetry condition(
γabC
)
αβ
=
(
γabC
)
βα
[8]. We note that the Standard Model is formulated in
terms of chiral leptons and quarks, while the minimally supersymmetric stan-
dard model is formulated in terms of Majorana fermions. This is possible be-
cause all physical fermions correspond to Dirac spinors which acquire their mass
by coupling left-handed spinors to the right handed ones, which in turn can also
be decomposed as the complex sum of two Majorana spinors. Although direct
Majorana mass terms are possible, these would break the SU(3)×SU(2)×U(1)
gauge symmetries, except for the right-handed neutrino, which is desirable.
Repeating this analysis for the SO(4, 1) tangent group, the gauge transfor-
mations of the spinors are now
δψα =
1
4
ΛAB
(
ΓAB
)β
α
ψβ , A = a, 4, (10)
where the Dirac matrices ΓA satisfy
{
ΓA,ΓB
}
= 2ηAB where
ηAB = diag (1,−1,−1,−1,−1) .
A convenient representation is to take Γa = γa and Γ4 = iγ5. In this case
it is obvious that the Weyl condition γ5ψ = ψ is not preserved by the gauge
transformation. In addition, the Majorana condition ψα = Cαβ
(
ψ
β
)T
is also
not preserved by the gauge transformations because
(iγ5γaψ) = −C(iγ5γaψ)
T
. (11)
The minus sign is a consequence of the signature η44 = −1 which forces Γ4 to
be equal to iγ5. This also implies that the Majorana condition could be imposed
for the tangent group SO(3, 2). Thus, when the tangent group is SO(4, 1) only
complex Dirac spinors are allowed. To construct realistic models, each of the
fermionic representations must be complex, and for the Standard Model the
lepton doublet would have both right and left-handed components, and similarly
for the leptonic singlets. This creates the problem of mirror fermions, as the
physical particle formed by coupling the Higgs field to the leptonic doublets and
singlet, will have a partner with the same mass but formed from the opposite
chiralities. For example if we denote the Dirac leptonic doublet by l =
(
νe
e
)
,
3
the Dirac singlet by e˜ and the Higgs field by H the fermionic terms are then
given by
ile
µ
AΓ
A
(
∂µ +
1
4
ωBCµ ΓBC
)
l + ie˜eµAΓ
A
(
∂µ +
1
4
ωBCµ ΓBC
)
e˜ (12)
+ f
(
lHe˜+ e˜H∗l
)
+m
(
ll + e˜ e˜
)
. (13)
When H gets an expectation value, a mass term results of the form
fµ
(
eLe˜R + eRe˜L + e˜LeR + e˜ReL
)
+m
(
eLeR + eReL + e˜Le˜R + e˜Re˜L
)
, (14)
which shows that we have two massive electrons formed from combinations of
eL, e˜R and eR, e˜L. One must then tune one combination to have a small mass
and identified with the electron while the other combination would be heavy.
In the Standard Model because of quadratic divergencies in the Higgs sector,
the fermionic masses must be tuned to be low, which is the hierarchy problem.
In this case fine tuning is needed between the two fermion masses to keep one
combination low, in addition to the hierarchy problem resulting from quadratic
divergencies. In this respect, the tangent group SO(4, 1) seems to be less natural
than the SO(3, 1) tangent group.
We can easily see that when the tangent group is SO(3, 2) we can impose
the Majorana condition. It is known that the algebra SO(3, 2) is isomorphic to
the algebra SP (2, 2) with generators Mαβ = Mβα satisfying the commutation
relations [5], [6], [7],
[Mαβ,Mγδ] = CαγMβδ + CβγMαδ + CαδMβγ + CβδMαγ , (15)
where Cαβ = −Cβα is the charge conjugation matrix. Connection between
the generators of the two groups is made through the identification Mαβ =
1
4
MAB
(
ΓABC
)
αβ
, where A = a, 4 and Γa = iγ5γ
a, Γ4 = γ5. The gauge trans-
formations then take the simple form δψα = M
β
αψβ where M
β
α =MαγC
γβ and
thus preserve the Majorana condition. The vielbein eµA are in the antisymmetric
representation of SP (2, 2)
(eµ)αβ = − (e
µ)βα =
(
ΓAC
)
αβ
e
µ
A (16)
The fermionic action can thus be written in terms of the matrices (eµ)αβ and
(ωµ)αβ =
1
4
ωABµ
(
ΓABC
)
αβ
iψeµ (∂µ + ωµ)ψ (17)
and the commutator of the covariant derivatives Dµ = ∂µ + ωµ gives
[Dµ, Dν ]αβ = Rµναβ
=
1
4
R ABµν (ΓABC)αβ (18)
4
We conclude that there is no obstruction to construct the Standard Model using
the tangent group SO(3, 2) and using Majorana spinors in the same way the
minimally supersymmetric standard model is built. The bosons transform under
the diffeomorphism group and do not feel the tangent group. In this respect
there is no advantage in curved spaces of using the Lorentz group instead of the
anti-de Sitter group. This leads to the puzzling question of whether there is any
significance to the ambiguity in having two possibilities for the tangent group.
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